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Following Jung and Arakawa (2008), we define the x , y , and z  components of the 

vorticity vector:

ξ ≡ ∂w
∂y

− ∂v
∂z

, η ≡ ∂u
∂z

− ∂w
∂x

, ζ ≡ ∂v
∂x

− ∂u
∂y

.

(1)

From (1), we see that

−wη + vζ = −w ∂u
∂z

− ∂w
∂x

⎛
⎝⎜

⎞
⎠⎟ + v

∂v
∂x

− ∂u
∂y

⎛
⎝⎜

⎞
⎠⎟

= −w ∂u
∂z

+ ∂
∂x

v2 +w2

2
⎛
⎝⎜

⎞
⎠⎟
− v ∂u

∂y
,

(2)

which can be rearranged to

v ∂u
∂y

+w ∂u
∂z

⎛
⎝⎜

⎞
⎠⎟
= − −wη + vζ( ) + ∂

∂x
v2 +w2

2
⎛
⎝⎜

⎞
⎠⎟

.

(3)

The vector generalization of (3) is V ⋅∇( )V = ω ×V +∇ 1
2
V ⋅V⎛

⎝⎜
⎞
⎠⎟ .

The anelastic continuity equation is

∂
∂x

ρ0u( ) + ∂
∂y

ρ0v( ) + ∂
∂z

ρ0w( ) = 0 ,

(4)

Where ρ0 z( )  is the reference-state density, which is assumed to be a function of height only. We 

can write
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∂
∂y

ρ0uv( ) = ρ0v
∂u
∂y

+ u ∂
∂y

ρ0v( ) ,

(5)

and

∂
∂z

ρ0uw( ) = ρ0w
∂u
∂z

+ u ∂
∂z

ρ0w( ) .

(6)

Adding (5) and (6), and using (4), we find that

∂
∂y

ρ0uv( ) + ∂
∂z

ρ0uw( ) = ρ0v
∂u
∂y

+ u ∂
∂y

ρ0v( ) + ρ0w
∂u
∂z

+ u ∂
∂z

ρ0w( )

= ρ0 v ∂u
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+w ∂u
∂z

⎛
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⎞
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∂z
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⎣⎢
⎤
⎦⎥

= ρ0 v ∂u
∂y

+w ∂u
∂z

⎛
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⎞
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− u ∂
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ρ0u( )

= ρ0 v ∂u
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∂z

⎛
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⎞
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ρ0uu( ) + ρ0u
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= ρ0 v ∂u
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+w ∂u
∂z

⎛
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⎞
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2
⎛
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⎞
⎠⎟
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(7)

Comparing (7) with (3), we see that

∂
∂y

ρ0uv( ) + ∂
∂z

ρ0uw( ) = ρ0 − −wη + vζ( ) + ∂
∂x

v2 +w2

2
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ −

∂
∂x

ρ0uu( ) + ρ0
∂
∂x

u2

2
⎛
⎝⎜

⎞
⎠⎟

= −ρ0 −wη + vζ( ) + ρ0
∂
∂x

u2 + v2 +w2

2
⎛
⎝⎜

⎞
⎠⎟
− ∂
∂x

ρ0uu( ) .

(8)

Using the fact that the reference-state density depends only on height, averaging in both the x  
and y  directions, and assuming periodic boundary conditions in both directions, we find that (8) 

reduces to

− 1
ρ0

∂
∂z

ρ0uw( ) = −wη + vζ .

(9)
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Here the overbars denote the horizontal average mentioned above.

To derive an analogous expression for − 1
ρ0

∂
∂z

ρ0vw( ) , we repeat the derivation by 

starting with ξ  and ζ , instead of η  and ζ . First, we write

−wξ + uζ = −w ∂w
∂y

− ∂v
∂z

⎛
⎝⎜

⎞
⎠⎟
+ u ∂v

∂x
− ∂u
∂y

⎛
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⎞
⎠⎟
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+ u ∂v
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− ∂
∂y

u2 +w2

2
⎛
⎝⎜

⎞
⎠⎟
,

(10)

which can be rearranged to

w ∂v
∂z

+ u ∂v
∂x

= −wξ + uζ( ) + ∂
∂y

u2 +w2

2
⎛
⎝⎜

⎞
⎠⎟

.

(11)

We write

∂
∂z

ρ0wv( ) = ρ0w
∂v
∂z

+ v ∂
∂z

ρ0w( ) ,

(12)

∂
∂x

ρ0uv( ) = ρ0u
∂v
∂x

+ v ∂
∂x

ρ0u( ) .

(13)

Adding (12)-(13), and using (4), we obtain

∂
∂z

ρ0wv( ) + ∂
∂x
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∂z
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∂x

⎛
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∂
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2
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⎞
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.

(14)

Comparing with (11), we see that
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∂
∂z

ρ0wv( ) + ∂
∂x

ρ0uv( ) = ρ0 −wξ + uζ( ) + ∂
∂y

u2 +w2

2
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ −

∂
∂y

ρ0vv( ) + ρ0
∂
∂y

v2

2
⎛
⎝⎜

⎞
⎠⎟

= ρ0 −wξ + uζ( ) + ρ0
∂
∂y

u2 + v2 +w2

2
⎛
⎝⎜

⎞
⎠⎟
− ∂
∂y

ρ0vv( ) .

(15)

Averaging over both the x  and y  directions, assuming periodic boundary  conditions in both 

directions, and using the fact that ρ0  is independent of y , we obtain

− 1
ρ0

∂
∂z

ρ0wv( ) = − −wξ + uζ( ) .

(16)

Using vector notation, we can combine (9) and (16) to write 

− 1
ρ0

∂
∂z

ρ0wVh( ) = −wη + vζ( )i − −wξ + uζ( ) j
= w −ηi + ξ j( ) +ζ vi − uj( ) ,

(17)

or

− 1
ρ0

∂
∂z

ρ0wVh( ) = −wk × η( ) + ζk ×Vh( ) ,

(18)

where Vh ≡ ui + vj  is the horizontal wind vector and η ≡ ξi +η j  is the horizontal vorticity vector.
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