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Conservation of momentum on a rotating sphere

David Randall

Conservation of momentum on a rotating sphere

Newton's statement of momentum conservation, as applied in an inertial (i.e., non-
accelerating) frame of reference, can be written as follows:

DV
—<<e—-_V¢p —aVp-oV -F.
Dt G —oVp-ot

(1)

Here # is the Lagrangian derivative in the inertial frame, and V_ is the velocity as seen in
¢

the inertial frame. The left-hand-side of (1) represents the acceleration of the air as seen in an
inertial frame. The gravitational potential is ¢, , and F is the stress tensor associated with

molecular effects.

The length of a sidereal day is 86,164 s, so the Earth rotates about its axis with an angular
2n

(86,164 s)

Q, pointing towards the celestial North Pole, as shown in Fig. 1. In spherical coordinates

velocity of =7.292x107 s~ . This angular velocity can be represented by a vector,

(A,@,r), the unit vectors arc e, , e, , and e

0 ., respectively, and the components of € are

Q(0,cos,sing).

Let r be a position vector extending from the center of the Earth to a particle of air whose

a

position is generally changing with time. The “absolute velocity” of the air, V = , 1s related

. . . Dr . : .
to its relative velocity, V= ——, as seen in the rotating coordinate system, by
¢

Dr Dr
=—+4QXr,
Dt Dt

or
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V,=V+Qxr
=V+V,.
3)

A transformation of the form (3) can be applied to any vector. In contrast, the time rate of change

A

Q |+

)

V, =Qxr

Fig. 1: Sketch defining vectors used in the text.

of a scalar quantity, such as temperature, is the same in the inertial and rotating frames. In the
second line of (3), we define

V,=Qxr
=(Qrcosp)e, .
(4)
Here V, is the velocity (as seen in the inertial frame) that a particle at radius r and latitude ¢
experiences due to the Earth's rotation (refer to Fig. 1). Note that V, always points towards the

east. According to (3), the velocity as seen in the rotating frame is different from the velocity as
seen in the inertial frame. Since 2 is a constant, the first line of Eq. (4) implies that

DV“:QXV.
Dt

(5)

Now we apply the transformation used in (2) again, to relate the acceleration as seen in the
inertial frame to the acceleration as seen in the rotating frame:
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DN, _DV. \oyv .
Dt Dt

Substituting for V, in (6), from (4), and using (5), we find that

DV, D
Dt Dr
:ﬂ+29xv+9xve

Dt
:D—V+2QXV+9ng .

Dt

(V+V,)+@x(V+V,)

(7)

a a

Eq. (7) relates the absolute acceleration, , to the apparent acceleration as seen in the

rotating frame, i.e., FV . Using (7) in (1), we find that the equation of motion relative to the
t

rotating frame is

%Y+29><V+Q><Ve=—V¢a—an—aV-F .

(8)
The term 2€2xV is the Coriolis acceleration, which points in a direction perpendicular to V .
The term €2xV, is the centrifugal acceleration, which can be written as

QxV, = —(ercosq))e,l X e,
=-0Qr,,
(9)

where r, is a vector that is parallel to the plane of the Equator, as shown in Fig. 1, and e, is a

unit vector pointing toward the celestial north pole. Eq. (9) shows that the centrifugal
acceleration points outward, in the direction of r, , which is perpendicular to the axis of the

Earth’s rotation. With reference to (9), the centrifugal acceleration can be expressed in spherical
coordinates as

QxV,=0Q%rcosp(0,—sing,cosy).
(10)

It has an upward component that is largest at the Equator, and an equatorward component that is
largest at the pole, but no zonal component.
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Kinetic energy
The kinetic energy equation associated with (1) is

%=Va-(—V¢Q—OCVp—OCV-F),

(11)
where K, = %(Va -Va) . The right-hand side of (11) represents work done by true forces. From
(6), we see that

DK, DK,
Dt Dr

(12)
This means that the time change of K, is the same in the inertial and rotating frames, consistent
with our earlier assertion that the time rate of change of a scalar is the same in the inertial and

rotating frames. Using (12), we can rewrite (11) as

DK,
Dr

V,-(-V¢,—aVp—aV-F).
(13)

The kinetic energies as seen in the inertial and rotating frames are different. We will derive
the kinetic energy equation for the rotating frame in two different ways. First, the hard way:
From (3), we can write

V, V. =(V+V,)(V+V,).

Then

Ku:K+Ve-V+%Ve-V€,

1
where K = E(V'V) . From (15), we see that
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DK, =DK+V€'DV+ V‘Z}Y{JFVK‘DVe
Dt Dt Dt Dt Dt

Dt Dt * Dr
DK DV
=—+V =

Dt ¢ Dt

(16)

To obtain the second line of (16), we have used (5). To obtain the third line, we have used (3).
Combining (16) with (6) and (1), we find that

DK DK (DV
a__+Ve' a_a
Dt

= ——QxVa)
Dt Dt

:%+(Vu—v)-(DflVa _vauj
Dt

Dt
:DK+DuKu_V.(D”V“—QXVa)
Dt Dt Dt
DK DK
=—+—242-V.(-Vo§ —oVp-0aV-F)+V-(QxV ).
Dl’ Dl’ ( ¢a p ) ( a)

(17)

Cancelling ——< in (17), and using V-(®xV,)=V-(2xV,), we can rearrange the result to
obtain
%+V-(vae)=v-(—v¢a—an—aV-F) :

We can also obtain (18) simply by dotting V with (8). That’s the easy way.
Comparing (18) and (13), we see that

wzv-(ngehve-(—wa—an—aV-F).
(19)

The first term on the right-hand side of (19) appears to be the work done by the centrifugal
acceleration. The second appears to be the work done by the true forces acting on V, . Of course,

neither of these terms represents real work done. The first is due to a fictitious force, and the
second is due to a fictitious velocity.
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Effective gravity

The centrifugal acceleration can be written as

—(@xV,)=Q%r,
:v(lmxr\z),
2

=v(l|vezj,
2

i.e., it is the gradient of a potential, called the “centrifugal potential,” which is equal to the
“kinetic energy” associated with V, . From (20) and (4), we see that the centrifugal potential is

(20)

2

given by —%(Qr cosQ)

Since both the acceleration due to gravity and the centrifugal acceleration can be expressed
as gradients of potentials, it is natural and convenient to combine them into an “apparent”
gravity, g, defined by

gEga_'ere’

where g, = V@, . Using (23) we see that the potential of g is

2
]

1
¢=9,- §|9 Xr
(22)
so that g=V¢ . We refer to ¢ as the “geopotential.” For most purposes g=g, =—ge, , because
the centrifugal acceleration is small compared to g, . Here e, is a unit vector pointing upward,
away from the center of the Earth. The acceleration due to the apparent gravity g is
perpendicular to surfaces of constant ¢, which differ slightly from spherical surfaces of constant

radius. The Equatorial radius of the Earth is about 20 km larger than the polar radius, due to the
centrifugal acceleration.

If the Earth’s internal density distribution was a function of radius only, then ¢_, the true

a

gravitational potential, would also depend only on distance from the center of the Earth, and
would take the form
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(23)

where G=6.67x10""" N m? kg2 is the gravitational constant, and M, is the total mass of the

Earth. Eq. (23), which is called Newton’s “Shell Theorem,” would apply at any level at or above
the Earth’s surface. The geopotential ¢ is then given by

o= GM, + l(Qrcosgo)2 .
r 2
(24)
Using (22) we can now write (8), the equation of motion in the rotating frame, as
D
—V+2Q><V =-Vo—-aVp—-oV -F.
Dt
(25)
Similarly, the kinetic energy equation, (18), becomes
DK
—=V:(-V¢—-aVp—-aV-F).
o =V (=Ve-avp )
(26)

Component equations in spherical coordinates

Up to this point, we have not used any coordinate systems, except in connection with a
comment on the centrifugal acceleration. We now consider spherical coordinates, (1,¢,r) . The

unit vectors in the (/1,(p,r) coordinates are e, , €, and e, , respectively. You should be able to
see that the direction of e, depends on longitude, and that the directions of e, , and e, depend
on both longitude and latitude. This means that the directions of e, , €, and e, are functions of

space, although of course their magnitudes are spatially constant. Simple geometrical reasoning
leads to the following formulae:

%—D—lsin e —CoS D—e
Dt Dt Pe, (DDt "

utan u
= ¢ e,——e,
r r

(27)
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De, DA . Do
=——singe, ———e,
Dt Dt Dt
_(utan(pjel_zer,
r r
(28)
Def:cosq)D—)'el+ (De
Dt Dt Dt *
=Ze, +-e
rtor?
_Vh
=
(29)

In (29), V, is the horizontal wind vector.

The vector operators that are most commonly used in atmospheric science can be expressed
in spherical coordinates as follows:

VA= 1 0A 104 0A
rcosQ oA’ raqo o

1 9V, 1 o 19
V-v= rcosQ oA +rcosg0 8(p(v COS(p)+ > or (Vr )

VxV= { [av —i(V)}la(Vl)— LA, [al—i(V COSGD)}}

dp or: | ror rcos® oA ‘rcoso| 04 9@
(32)
VA =— L |of 1 04 +i cosgoa—A +i(r2003(pa—A) .
recos@| dA\ cosp oA ) J¢ op ) or or

(33)

Here A is an arbitrary scalar, and V is an arbitrary vector.
We can express the velocity vector in spherical coordinates as

V=ue, +ve, +we,,

(34)

where
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DA Do Dr
u=srcosp—,v=r— ,and w=—.
Dt Dt
(35)
Using (35), the Lagrangian time derivative can then be expanded as
2_23 D),8+Dgoa+Dra
Dt Dtdt Dt oA Dt dp Dt or
_O, u 9,r9,,9
ot rcos@ az rop  or
(36)

Eq. (34) shows that the directions in which the u# , v, and w components actually point
depend on where you are. Taking this into account, for an arbitrary vector Q= ae, +be, +ce, ,

we can write

D D
—Q——(ae,1+be +ce)
Dt Dt
Da  De,; Db . De, Dc  De,
=e,—+a +e,—+b +e, —+
Dt Dt Dt Dt Dt Dt

Da utan@ u Db utan@ v Dc u v
=e,—+a e,——e, |+e,—+b e,——e |+e,—+cl—e, +—e,
Dt r r ? Dt r r Dt r r

—e (&_ﬁmtan(p )+e (Db autan(p+Ej+e E_(ucﬁvbj
*\ Dt r r Dt r r "| Dt r '

As a special case of (37), the acceleration in the rotating frame can be expanded as

DV D
———(ue/1+ve +we )
Dt Dt
Du  De, Dv  De, Dw  De,
e, ——+Uu—tte,—+v—Lte, ——+w
Dt Dt Dt Dt Dt Dt

Du utan@ u Dv utan@ v Dw u v
=e,—+u e,——e |+e,—+vV e,——e [te,—+w —e, +—e,
Dt r r Dt r r Dt r r

Du uvtangp uw Dv u’tang ww Dw (u’+v*
=e,| —+ t—|+e, | —+———+— |[+e | —~ :
Dt r r Dt r r Dt r

Using (38), we can separate (8) into component form:

(38)
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Du_Tra+ (vsing-weosp) =——2—P (v F),.
Dt rcosQ rcos@ oA
&+(2Q+ ]usmq)+—=—ga—p— (V F) ’
Dt rcos @ r r oo ?
2
@_(2Q+ jucos(p—v—+g=—aa—p—a(v'|:) .
Dt N1 r or '

These are the components of the equation of motion in spherical coordinates.

We can modify (39) to show “true gravity” and the centrifugal acceleration explicitly:

Du . « dp
— |20+ — =— V-F
Dt ( rcosq)](vsm(p weosg) rcos@ oA *(V-F),.
Q+ 20+ using +—= + Q%rsingcos ——ga—p—a(V-F)
Dt rcosQ ¢ r Peose r dp ¢’
Dw v ap
——| 20+ ———Q%rcos’p+g, =—a——-o(V-F) .
Dt ( rCOS(p]uCOS(p r reos eve, or (V-F),

(40)
By using the continuity equation in spherical coordinates, we can rewrite (39) in flux form:

Lo
rcosg oA

%(pu)+V-(qu)—p[2Q+ j(VSiHQD—WCOS(p)Z— -(V-F),,

rCcosQ

;(pv)+V (va)+p(2Q+ jusinq)+pm:—la—p—(V~F) :

7 COSQ

0 ? d
E(pw)+V-(pr)—p(2!2+ jucosgo—va+pg=—a—l:—(V-F)r.

rcosQ
(41)

These equations are fairly exact. Various approximations are introduced below.

Solid-body rotation
It is instructive to consider the special case of zonal solid-body rotation, in which
u=wrcosp,v=0,w=0,and p=p(e,r),
(42)

where @ = constant. This type of motion is called “solid-body rotation,” because the fluid rotates

as if it were a solid, i.e., neighboring particles remain neighbors for all time. The flow is purely
zonal. Egs. (41) reduce to
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d
g(Pu)ZO’
o 2P Lo
rog’

2
9
—p[”—j=pfu——p—pg-
r or

(43)

Here we have assumed that the stress tensor vanishes (it does). The zonal wind equation is in
trivial balance. The meridional momentum equation is in “gradient-wind balance,” which is a
generalization of geostrophic balance. The vertical momentum equation is in a modified
hydrostatic balance, in which the centrifugal and Coriolis accelerations enter.

Approximations

Up to here the discussion has been fairly exact. We now introduce some very useful

approximations:

Replace r by a everywhere, where a is the radius of the Earth. An approximation of

this form can be justified for an atmosphere which is thin compared to the radius of the
planet, and so it is called the “thin atmosphere approximation.” It is a good
approximation for Earth, but would not apply, e.g., to Jupiter.

Replace (33) by

1 0 d v,
V.V= —V, +—(V .
acos(p{al A-'_8(0( "’COS(p)}_ ar

(44)
This is also justified by the thinness of the Earth’s atmosphere.

Drop the terms involving the horizontal component of €2, i.e., 2cos¢ . This is often

called “the traditional approximation.” There is an ongoing discussion as to whether or
not this is always justified.

uw yw . ) . .
Neglect — and —, the curvature terms involving w, in the equations for u and v,
r r

u? +v*

respectively, neglect in the equation of vertical motion.

Simplify the vertical component of (40) to

P _

0z P
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Eq. (45) is called the hydrostatic equation. With an appropriate boundary condition, (45)
allows us to compute p(z) from p(z). Even when the air is moving, (45) gives a good

. Dw . Iy
approximation to p(z), simply because Dr and the vertical component of the friction
t

force are small compared to g. Eq. (45) as applied to moving air is called the hydrostatic
approximation, and it is applicable to virtually all meteorological phenomena, including
violent thunderstorms.

For large-scale circulations, the approximate p(z) determined through the use of (45)

can be used to compute the pressure gradient force in the equation of horizontal motion .
To do so is to use the quasi-static approximation. The quasi-static approximation applies
very well for large-scale motions, but it is not applicable to many small-scale motions,
such as thunderstorms. When the quasi-static approximation is made, the effective kinetic
energy is due entirely to the horizontal motion; the contribution of the vertical
component, w, is neglected. For large-scale motions, w << (u,v) , so that this quasi-static

kinetic energy is very close to the true kinetic energy. Further discussion is given in the
QuickStudy on the quasi-static approximation.

With the approximations discussed above, (39) is replaced by

Du_uvtang _ _La_l’_a(v.p)w
Dt a acos@ o
2
&+u tanw:—fu—ga—p—a(V-F) ,
Dt a a dQ ¢
dp
0=—g-aL,
8 0z

(46)
Component equations in a local Cartesian coordinate system
Now consider a locally defined “(x,y)” or Cartesian coordinate system, as shown in Fig. 2.

Here “locally defined” means that the origin of the coordinate system is attached to a specific
point on the rotating Earth, e.g., Fort Collins. With this coordinate system,

Q=20Q(0, cosg, sing),
(47)

where @ is the latitude of the origin of the coordinate system, and
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i j K
—QXV==-2Q 0 cosp sing
u v w

(48)
The directions of the unit vectors i, j, and k are independent of position, although they do of

course depend on the freely chosen position of the origin of the coordinate system. The
components of the equation of motion in this local Cartesian coordinate system are

Du ap
o = vt fr-az-—a(VF),
Dy ap
—=—fu-o—-o(V-F) ,
Dt fu O‘ay o )y
Dw ap
Dt Ju aaz o )Z 8
(49)
Here we define
V =ui+vj+wk,
(50)
Dx Dy Dz
uU=—,vV=E=—W=—,
Dt Dt Dt
(51)
f=2Qsing, and f=2Qcos,
(52)
D 0 0 0 0
Dt ot ox dy 0z
(53)

At the origin, and at all points with the same longitude as the origin, the x -coordinate points

east; but because this Cartesian coordinate system is defined with respect to a fixed location on
the Earth’s surface, the x -coordinate does not point east at other longitudes. For example, at

points 90° to the east of the origin, the x-coordinate points up, and on the opposite side of the
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Earth from the origin, the x -coordinate points west. Such a coordinate system could be used to

Fig. 2: Sketch depicting a local Cartesian coordinate system.

study the general circulation, but clearly it is not very well suited to such an application.

t
Comparing (49) with (39), we see that (49) does not contain the terms w , wiang
r r

, etc.

These so-called “metric” terms arise in (39) because in spherical coordinates the directions of the
unit vectors e, , e, , and e, vary with A and @ . This does not happen in the local Cartesian

coordinate system.
Summary

We have presented the momentum equation that describes motion on a rotating sphere, as
seen in the rotating frame of reference. We have also introduced several commonly used
approximations.
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