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•  “Double counting” of 
processes 

• Interface problems 

• Problems with transitions 
between different regimes 

Artificial modularity leads 
to problems:  

Standard parameterizations for subgrid flux are modular: 
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Key Problem: artificial modularity in vertical mixing parameterizations  

Parameterization Modularity 
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 An Integrated Approach: 
Eddy-Diffusivity/Mass-Flux (EDMF)  
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Dividing a grid square in two regions (updraft and environment) and 
using Reynolds decomposition and averaging leads to 
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where au is the updraft area. Assuming au<<1 and we~0 leads to 

ED closure: assuming ED for 1st 
term and neglecting 2nd term 

MF closure: neglecting 1st term and 
assuming M=auwu 

 

EDMF:  

 Siebesma & Teixeira, 2000 

Bimodal joint pdf of w and qt 

ED mixing  
MF mixing 

EDMF represents different turbulence and convection scales 
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Mass-Flux for Cumulus Plumes/Updrafts 
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 Lateral entrainment rate:  Small-scale 
ED mixing  

Large-scale 
MF mixing  

σu is updraft/plume area fraction 
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  EDMF: Some Equations 

ED component  is TKE-based with EDMF buoyancy flux:  

Parameterization of cloud-base PDF of updraft properties 
Variance diagnostic equation (dissipation balance production):  

uyujs 5 uyjs 1 au
y

w9u9yjs
w*

, (12)

qtujs 5 qtjs 1 aq
t

w9q9tjs
w*

, (13)

where auy
5 aqt

5 1:6 and aw 5 0.8. Note that the initial
condition prescribed at the surface is for the virtual
potential temperature, rather than the liquid water po-
tential temperature. The reason is the strong correlation
between surface values of uy and qt (Mahrt and Paumier
1984). The mass flux is initialized only when the surface
sensible heat flux is positive.

c. Representation of shallow convection by
the mass flux scheme

The main new concept being proposed in this paper can
be summarized as follows: updraft properties follow a par-
ticular probability density function and these PDFs can be
used to estimate how much of the updraft will condense.

A dry updraft is initialized at the surface [Eqs. (11)–
(13)] and vertically integrated using Eqs. (8) and (10).
At each model level the possibility of partial conden-
sation within the updraft is checked based on a particu-
lar PDF of the updraft properties. The PDF scheme is
described in detail below. If condensation occurs—which
we define as when a diagnosed condensation area relative
to the updraft area CCu exceeds its critical minimum value
CCmin 5 0.05—the updraft is split into moist and dry
components. From this level they are both independently
integrated vertically. At the next model level the procedure
is repeated. The parameterization branches the single ini-
tial updraft into numerous dry and moist updrafts, de-
pending on their properties. The latent heat release in the
moist updrafts increases their buoyancy, enabling them to
reach higher altitudes than dry ones. To avoid an excessive
number of updrafts, the updraft is not allowed to split if its
horizontal area is less than 0.1% of the gridpoint area.

Figure 1 is a schematic of the procedure described.
The dry updraft is integrated from level n 2 1 to level
n where it is separated into its dry and moist components.
Dry and moist updrafts are integrated to level n 1 1 in-
dependently. At level n 1 1, both the dry and the moist
updrafts are again split up into dry and moist compo-
nents. Now four updrafts are integrated from level n 1 1
to level n 1 2. One of the dry updrafts does not reach the
level n 1 2 (its vertical velocity becomes negative and it is
thus terminated).

To close the problem, it remains to estimate the area
of the condensed updraft and the liquid water content in
the updraft qlu and to define the initial conditions for the
moist and dry updrafts at the model level of separation.

The updraft cloud cover and liquid water content are
diagnosed from a fairly typical PDF scheme (e.g., Cheinet
and Teixeira 2003):

CCu 5 0:5 1 0:36 arctan(1:55Qu), (14)

qlu 5 ss
u

e(1:2Q
u21

) Qu , 0

e21 1 0:66Qu 1 0:086Q2
u Qu $ 0

,

(
(15)

where Qu 5 su/ssu
is the ratio between the updraft sat-

uration deficit or excess su and its standard deviation ssu
:

su 5
1

1 1 g
[qtu 2 qsu(TLu)], (16)

ss
u

5
1

2(1 1 g)
(q9tuq9tu 1 a2u9Luu9Lu 2 2au9Luq9tu)1/2,

(17)

and qsu(TLu) is the saturation water mixing ratio at
the liquid temperature TLu, g 5 Ly/(cpRyTy)qs(TLu),
and a 5 qsLy/(RyT2

L)(TLu/uLu). The variances u9Luu9Lu
,

q9tq9t and the covariance u9Luq9t of the conserved variables
in the updraft need to be estimated. The variances are
obtained by simplifying their prognostic equations (e.g.,
Golaz et al. 2002a) retaining only the turbulent dissi-
pation and turbulent production terms:

2w9uu9u
›uu

›z
5 «u

u
,u

u
, (18)

FIG. 1. Schematic of mass flux routine (see text for details). The
PDF of conserved variables (uL or qt) is depicted. Magnitude of
vertical velocity is shown with the length of arrows.
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Which leads to  

where qs is the saturatedwatermixing ratio], the thermal
is split into N (N 5 10 in the current model) updrafts,
each of them having a horizontal area of au/N. Each of
the updrafts is integrated independently vertically from
the level of condensation. The properties of each of the
N updrafts at the level of condensation are drawn from
the assumed joint Gaussian pdf (uLu, qtu, wu).
To characterize the joint Gaussian pdf (uLu, qtu,wu) at

the level of condensation, the following components of
the updraft covariance matrix are estimated using
a modified version from Su!selj et al. (2012):

u0
uu0

u 5
3

2

t2u
C

w2
u!

2(uu 2u)2, where uu5 fuL,qtg ,

(7)

w0
uw

0
u 5

1

2
w2
u , (8)

q0tuw
0
u 5 0, (9)

u0Luw
0
u 5 0:6(u0Luu

0
Lu 3 q0tuq

0
tu)

1/2 , (10)

u0Luq
0
t 5 0:7(u0Luu

0
Lu 3 q0tuq

0
tu)

1/2sign[(uLu2 uL)(qtu2 qt)] ,

(11)

where C 5 1 and tu 5 300 s. In short, Eq. (7) is derived
from the local balance between the variance production
and dissipation (Su!selj et al. 2012), Eq. (8) scales the
variance of updraft vertical velocity with the vertical
velocity itself, and Eqs. (10) and (11) prescribe the linear
correlation coefficients between the corresponding
variables in the updraft.
The interaction between the updrafts and the envi-

ronment, which is modeled through the lateral en-
trainment rate, is the key process determining the fate
of a thermal. This is especially true for updrafts in
a conditionally unstable Cu-dominated layer, where
the entrainment dries and cools the updrafts, thus de-
creasing their buoyancy. On the other hand, our ex-
perience is that in the dry convective part of the
boundary layer, where the atmosphere is close to well
mixed, the entrainment rate formulation is not as im-
portant. It is not well known which processes control
entrainment. Numerous entrainment formulations are
reported in the literature (e.g., Neggers et al. 2002;
Siebesma et al. 2003; Rio et al. 2010). Besides the sto-
chastic characterization of updraft variables at cloud
base, entrainment is the process that can account for
variability of updraft properties among different up-
drafts and to allow them to terminate at different
levels. In this way, the observations and LES studies
(e.g., Siebesma et al. 2003) that show that typically the

horizontal area of active cumulus clouds gradually de-
creases from cloud base to cloud top can be reproduced.
Our experience is that most of the above-cited entrain-
ment rates are not always suitable, since they do not
allow for large enough variability of the entrainment
among different updrafts. The parameterization of
Neggers et al. (2002) partially solves this problem. In
their formulation, the entrainment rate is the inverse of
the product of the updraft vertical velocity and a constant
entrainment time scale. In this way, the positive feedback
between updraft vertical velocity and entrainment rate
effectively increases the variability among different up-
drafts. Disadvantages of this formulation are (i) the re-
sults are highly sensitive to the specification of the
entrainment time scale which is hard to characterize, (ii)
in the Cu layer all moist updrafts entrain environmental
air which decreases their buoyancy and therefore up-
drafts cannot reach the level of neutral buoyancy, which
is against expectations (Su!selj et al. 2012), and (iii)
recent studies (e.g., Romps and Kuang 2010b) argue
based on LES results that entrainment rate formula-
tions such as from Neggers et al. (2002) do not appear
realistic. A different view of lateral entrainment rate
has been proposed by authors such as Raymond and
Blyth (1986), Romps and Kuang (2010a,b), and Nie and
Kuang (2012). They propose that entrainment should be
represented as a stochastic process.
In the present work, we follow the approach of Romps

and Kuang (2010b) and fuse two different formulations
for entrainment rate. For simplicity, the entrainment
rate in the dry updrafts below the level of condensa-
tion is set to a constant value of ! 5 2.5 3 1023 m21,
which is consistent with the near-cloud-base values from
Siebesma et al. (2003). Themodel results are not sensitive
to this value. Above the condensation level, the entrain-
ment parameterization is similar to the one described by
Romps and Kuang (2010b), but adjusted for steady-state
updrafts (which is an approximation in the updraft
model). In this model, it is assumed that most of the lat-
eral entrainment happens as discrete events. We model
the probability of entrainment with the simplest form:
when the updraft ascends a distance dz, the probability of
entrainment equals dz/L0, where L0 represents the dis-
tance that the updraft needs to traverse to entrain once on
average. We assume further that at each entrainment
event, the entrained mass flux is proportional to the ver-
tical mass flux of the thermal and equals !dMu. With these
assumptions the entrainment rate is parameterized as

!5 s!dB(dz/L0) , (12)

where B is a randomly chosen number with a value of zero
(representing no entrainment) or one (an entrainment
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where dissipation is parameterized as «uu,uu
5 (C/t)u9uu9u

and production as w9uu9u 5 2Kmu›uu/›z and where
further the diffusion coefficient Kmu 5 tueu is as in
Teixeira and Cheinet (2004) and eu is the turbulence
kinetic energy within the updraft, parameterized simply
as eu 5 (3/4)w2

u. Finally, Eq. (18) can be simplified using
Eq. (10):

u9uu9u 5
3

2

t2
u

C
w2

u«2(uu 2 u)2, (19)

where C ’ 1 (Golaz et al. 2002b) and the time scale is
chosen to be tu 5 300 s. Neggers et al. (2009) argue
that the vertical transport term of the variance is im-
portant especially in the upper part of the updraft. We
neglect the transport term and set minimum values of
u9Luu9Lu 5 1023 K2 and q9tuq9tu 5 1028 to avoid zero vari-
ances at the top of the boundary layer. The covariance
u9Lq9t is estimated by assuming a fixed correlation co-
efficient between uLu and qtu, with an absolute value of
0.7, and the sign as sgn[(uLu 2 uL)(qtu 2 qt)], which
is somewhat in agreement with Mahrt and Paumier
(1984). Typically in the cumulus layer uLu , uL and
qtu . qt and thus the correlation is negative.

As a final step, it remains to define the boundary
condition for the moist and dry updrafts at the level of
separation. In principle, the values of the conserved vari-
ables in the moist updraft are the mean values of the joint
PDF of uLu and qtu over the area where su . 0, and the
values in the dry updraft are the mean values over the
joint PDF where su , 0. We simplify the parameteriza-
tion by defining the conserved variables in the moist up-
draft as

qm
tu 5 qtu 1 as(1 2 CCu)q9tuq9tu, (20)

um
Lu 5 uLu 1 as(1 2 CCu)u9Luu9Lu

3 sgn[(uLu 2 uL)(qtu 2 qt)], (21)

and the values of the scalars in the dry updraft ud
u are

obtained by continuity as

ud
u 5

uu 2 CCuum
u

1 2 CCu

, (22)

where as 5 0.5 is chosen. We found that the results of
the parameterization are fairly insensitive to the value of
parameter as in the range from 0.25 to 0.75 (not shown).
The closure accounts for the variability of both qtu and
uLu contributing to condensation in the updraft (e.g.,
Zhu and Zuidema 2009).

3. Simulation of nonprecipitating cumulus-topped
boundary layers

The EDMF parameterization described here is im-
plemented in a single-column model, with prognostic
equations for the moist conserved variables uL and qt

and the horizontal wind components u and y:

›uL

›t
5 2w

›uL

›z
2

›w9u9L
›z

1 SuL
, (23)

›qt

›t
5 2w

›qt

›z
2

›w9q9t
›z

1 Sqt
, (24)

›u

›t
5 2w

›u

›z
1 f (y 2 yg) 2

›w9u9
›z

, (25)

›y

›t
5 2w

›y

›z
2 f (u 2 ug) 2

›w9y9
›z

, (26)

where f is the Coriolis parameter, ug and yg are the
geostrophic wind components, and SuL

and Sqt are heat
and moisture sources, respectively. The equations are
solved on a vertically staggered grid with a semi-implicit,
upwind differencing scheme. We implemented the SCM
in Matlab. It does not include parameterization of any
other physical processes (such as radiation or conden-
sation on the resolved scale) except turbulence.

The primary motivation of this work is to realistically
simulate the shallow (nonprecipitating) cumulus-topped
boundary layer. In this context, the well-studied BOMEX
case is simulated and SCM results are compared to LES
results from the intercomparison study by Siebesma et al.
(2003). BOMEX is a marine boundary layer case, with
the large-scale dynamical and radiative forcings specified
to be close to equilibrium. To investigate the updraft
properties from the SCM in more detail, the BOMEX
case is simulated with LES model originally based on the
University of California, Los Angeles (UCLA) LES (e.g.,
Stevens et al. 2005) with modifications to the closure and
numerics (Matheou et al. 2011). The results from the
modified UCLA LES model are close to the median LES
results from Siebesma et al. (2003). To understand the
ability of the EDMF parameterization to represent the
dynamics of turbulent adjustment to time-varying surface
forcing, the ARM case (Brown et al. 2002) is simulated
and the results are compared to the modified UCLA LES
simulation results. The ARM case is an example of a
shallow convection in a continental air mass.

The initial conditions in terms of moist conserved vari-
ables, horizontal wind components, and the forcing (surface
momentum, latent and sensible heat fluxes, geostrophic
wind components, moisture tendency, and radiative heat
flux) are taken from Siebesma et al. (2003) for BOMEX
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APPENDIX A

Single-Column Model

The SCM is defined in terms of prognostic equations
for moist conserved variables (uL and qt) and horizontal
wind components (u and y). The equations are solved in
the vertical direction only:

›uL
›t

52uh ! $huL2w
›uL
›z

2
›w0u0L
›z

1 Su
L
, (A1)

›qt
›t

52uh ! $hqt 2w
›qt
›z

2
›w0q0t
›z

1 Sq
t
, (A2)

›u

›t
52uh !$hu2w

›u

›z
1 f (y2yg)2

›w0u0

›z
, (A3)

›y

›t
52uh ! $hy2w

›y

›z
2 f (u2 ug)2

›w0y0

›z
. (A4)

In Eqs. (A1)–(A4), uL 5 u2 (Ly/cp)ql is a linearized ap-
proximation for the liquid water potential temperature;
qt5 ql1 qy is the total water mixing ratio, where ql and qy
are liquid and vapor mixing ratios, respectively; Ly is the
latent heat of vaporization; cp is the specific heat of dry air at
constant pressure; f is the Coriolis parameter; ug and yg are
the eastward and northward geostrophic wind components;
SuL andSqt areheat andmoisture sources, respectively;uh is
horizontal velocity; and $h denotes a horizontal gradient.
The equations are solved on a vertically staggered grid with
a semi-implicit, upwind differencing scheme.

APPENDIX B

Eddy-Diffusivity Parameterization

The task of parameterizing eddy-diffusivity is essen-
tially to find a reasonable value for the eddy-diffusivity
coefficientKH in Eq. (1). In this model, it is defined based
on a rather typical (e2 l) scheme (e.g., Stull 1988) and is

KH 5 l
ffiffiffi
e

p
, (B1)

where e representsTKEand l is amixing length. Themixing
length is a combination of the following length scales:

l15 kz , (B2)

l25 t
ffiffiffi
e

p
, with t5 400 s, (B3)

l35

8
>>><

>>>:

max (0:7
ffiffiffi
e

p
/N,Dz/2)

›uy
›z

. 0

‘
›uy
›z

# 0

, (B4)

and the mixing length is l5 l23 1 (l1 2 l23)e2(z/0:1zi) with
l21
23 5 l21

2 1 l21
3 and zi is the boundary layer height. In

Eq. (B3) N5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(g/uy)(›uy/›z)

p
is the Brunt–V€ais€ala fre-

quency (with g 5 9.8 m s22 the gravitational constant).
The asymptotic value of the mixing length close to the
surface is the Prandtl mixing length (l1) (e.g., Stull
1988). In neutral to unstable boundary layers far from
the surface it is essentially a function of TKE (l2)
(Teixeira and Cheinet 2004) and in the stable bound-
ary layer it is limited by the stability parameter (l3)
(Deardorff 1976). For simulations shown in this paper,
it was sufficient to keep the time scale t constant. For
more general purposes, t can be set proportional to the
ratio of the boundary layer height and Deardorff
convective velocity as in Teixeira and Cheinet (2004).
The minimum value of l3 5 Dz/2 was set for numerical
stability of the scheme, where Dz is the vertical grid
size of the model.
The prognostic equation for TKE can be written as

(e.g., Stull 1988):

›e

›t
52

›

›z
w0e2w

›e

›z
2w0u0

›u

›z
2w0y0

›y

›z
1

g

uy
w0u0y 2 «e ,

(B5)

where the buoyancy flux (w0u0y) is parameterized with
the EDMF scheme. The eddy-diffusivity part of pa-
rameterization for the buoyancy flux is calculated from
the combination of eddy-diffusivity fluxes of moist
conserved variables following Bechtold et al. (1995).
The dissipation of TKE is modeled as «« 5 C«(e

3/2/l) with
constant C« 5 0.16. At the surface, similar boundary
conditions as in Potty et al. (1997) are imposed
ejs 5 3:75u2*1 0:2w2

*, where w* is the Deardorff con-
vective velocity and u* is the surface friction velocity.
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1) Parameterization of PDF of updraft properties at cloud base 
2) Monte Carlo sampling of updraft PDF to produce multiple plumes 

EDMF and moist convection: updraft 
PDF and stochastic entrainment 

Provides estimates of updraft area and avoids need for cloud base closure 

3) Stochastic 
lateral entrainment 

Suselj, Teixeira & Matheou, JAS, 2012 
Suselj, Teixeira & Chung, JAS, 2013 

partly following 
Romps & Kuang, 
JAS, 2010 

Multiple Plumes 
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Mean profiles between 3rd and 4th simulation hour 
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New aspect: Using PDF of updraft properties and stochastic entrainment 
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EDMF and BOMEX: ED versus MF 

implicit assumption of the EDMF parameterization is
that eddy-diffusivity represents the symmetric part of the
distribution and the mass flux represents the non-
symmetric part (e.g., Neggers 2009). The LES results
show that the tail of the distribution (at higher-than-
averaged qt and lower-than-averaged uL) becomes
more pronounced with height. It seems that the updraft
values from the SCM describe the tail of the distribu-
tion well, especially in the upper part of the boundary
layer. To characterize the agreement between the SCM
and LES results more quantitatively, the skewness of
the distributions are compared (Fig. 3, lower right
panel). For estimating skewness, certain assumptions
must be made. Assuming that the eddy-diffusivity part of
the parameterization describes the symmetric part of the

subgrid-scale variability implies that only the mass flux
contributes to the skewness. Therefore, the skewness is
estimated from the updrafts represented by the mass flux
as follows:

Sk5

1

T
!
T

t51

"

!
N

n51
ai(ui2ui)

3

#1/3

stdu
, where u5fuL,qt,wg,

(19)

where the summation goes over all time steps within the
last simulation hour and all updrafts. Index i represents
the individual updraft, ai represents the relative horizontal
area of the ith updraft and stdu represents the standard

FIG. 1. BOMEX case. Vertical profiles of (a),(b) moist conserved variables and (c),(d) turbulent fluxes averaged
from the second to the third simulation hours. Red, blue, and brown lines represent the SCM results; black lines and
shading represent LES results.
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Vertical sub-grid fluxes 

Sub-grid fluxes are well represented – Some ED in cloud layer  
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BOMEX: LES PDF vs EDMF plumes 

slightly overestimated. The skewness of vertical velocity
is less well represented, as is most obvious in the upper
part of the cloudy layer. The negative skewness of ver-
tical velocity cannot be represented by this model. To
represent it, convective downdrafts would need to be
included in the boundary layer model.
These results show that the EDMF approach used

here is capable of representing complex aspects of the
distributions of thermodynamic properties without the
need to impose the form of these distributions as in other
approaches (e.g., Golaz et al. 2002a) in a fairly eco-
nomical view.
For the BOMEX case, similar results were obtained

by Su!selj et al. (2012). In the model reported here

significant improvements in the simulation of the up-
draft area and turbulent fluxes in the upper part of the
cloudy layer are achieved. In the previous work the
deterministic entrainment prevented updrafts from
reaching a height of more than around 1700 m, which is
not in accord with LES results. The new entrainment
parameterization allows for a small proportion of the
updrafts to reach heights of up to 2000 m and thus im-
proves the representation of turbulent fluxes in the up-
per part of the cloudy layer. The computational demand
of the new updraft scheme is significantly reduced be-
cause of the fact that only 10 updrafts (instead of around
25 in the previous work) have to be integrated from
cloud base. Compared to Su!selj et al. (2012), the vertical

FIG. 3. BOMEX case. (top),(bottom left) Joint two-dimensional pdf of the moist conserved variables from LES at
580, 700, and 1000 m, respectively. The integral of the pdf within the area delineated by the isolines is shown in
percent by the colorbar. All SCM updraft values within the last simulation hour are plotted as a scatterplot. (bottom
right) The profile of skewness of uL, qt and w from LES results (solid line) and SCM (dashed line).
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EDMF plumes 

liquid water potential temperature 
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EDMF multiple plumes represent skewed part of PDF 
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Stochastic EDMF: Transition from 
stratocumulus to cumulus 

EDMF is able to represent vertical dynamics of the transition 
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Stochastic EDMF implementation into 
US Navy global model NAVGEM 

Southern and Northern Hemisphere 500 hPa Anomaly Correlations for 
NAVGEM and NAVGEM with EDMF - Full data assimilation (T359L50) 

Stochastic EDMF significantly improves Navy NAVGEM model 
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§  EDMF combines ED and MF to represent in an integrated 
manner turbulence and convection in atmospheric models 

  

§  New stochastic EDMF version parameterizes cloud base PDF 
to generate multiple plumes to represent shallow convection 

§  Simple (mostly dry) versions of EDMF have been implemented 
operationally at ECMWF and tested at NCEP and GMAO 

§  Latest stochastic EDMF was implemented operationally into 
US Navy global NWP deterministic model in Nov.2013 


