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Motivation: Visible Satellite Imagery
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Historical Perspective: Edmond Halley

English astronomer, geophysicist,
mathematician, meteorologist, and physicist

Best known for computing the orbit of Halley’s
comet

Encouraged Newton to publish and funded the |
first publishing of Philosophiae Naturalis |
Principia Mathematica in 1687

Studied and sought to explain the Trade Winds 165 -1742

AwnHiftorical Acconnt of the Trade Winds, and Mon-

{oons, oa/erfwb/e in the Seas beiween aud near the
Troplcks, with an attempt to officn the szﬁml canfe

of the fazd Winds, by E. Halley.
(published in Phil. Tran. in 1686)
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Edmond
Halley (1686)

Thefe are particulars that merit to be confidered more at
Large, and furnifha f{ufficient Subje& for a jult Volume;
which will be a very commendable Task for fuw] Who be-
ing ufed to Philofophick Contemplation, {hali have leafure
to apply their ferious thougits about it.




Historical Perspective: George Hadley

English lawyer and amateur
meteorologist (1685 — 1768)

More interested in mechanical
and physical studies than in

23°Tropics of Cancer ‘

legal Work 16.0 miles/min
: T —>
Proposed an atmospheric 1.4 miles/min
mechanism to explain the sf T TiAmilsmn,
. | ——
Trade Winds

from Perrson (2008) in Weather

VI. Concerning the Caufe of the General Trade-
Winds : By Geo. Hadley, Efq; F. R. S.

(published in Phil. Tran. in 1735)




equator

23°Tropics of Cancer

16.0 miles/min
Figure 2. Halley’s explanation of the easterly 55

Trade Winds: as the maximum heating of the
sun at the Earth’s surface during the day moves ) )
westward, air will be sucked in from behind and 17.4 miles/min

replace the air that has been heated and risen.

1.4 miles/min

Figure 3. Hadley’s explanation of the Trade Winds (with his own units): air moving from higher
latitudes to lower to replace air that has been heated and risen will conserve its absolute velocity
(16.0 miles/minute) and, when entering latitudes with higher velocities (17.4 miles/minute), appear
to lag behind.




Hadley’s Argument:

Correct Argument:

Conservation of Absolute
Velocity (Linear Momentum):

us + Qacos @y
— u; + Qa cos ¢@;

Assume:
; = 23.5°
¢ I:> ¢ = 0°
U; = 0
Then:
uy = —Qa [l — cos (23.5°)]
— —38.5 ms !

Conservation of Absolute
Angular Momentum:

(ur + Qacospr)acos oy
= (u; + Qa cos ¢;) a cos ¢;

Assume:
¢; = 23.5° :> bs = 0°
u; =0
Then:
ur = —Qa |1 — cos? (23.5°)]
= —70.9 ms™!




percpecive: Yale Mintz & Akio Arakawa




Historical The UCLA 2-Level GCM

Perspective:
(1961 - 1963)

Primitive Equation model

2 level o-coordinate model: o = 1/4 ( nominally 400 mb)
o = 3/4 (nominally 800 mb)

Spatial discretization designed by Arakawa

* Allowed for “very long-term integrations” (~ 300 days)
* Arakawa later published his classic “Jacobian” paper (1966)

Horizontal resolution: AA =9° and A¢ =T7°

* Global grid was 40 x 25 = 1000 points
* Only ~7 grid points/wavelength for baroclinic waves

Experiments without and with mountains (perpetual NH winter)

Model took 100 minutes (IBM 7094) to simulate 1 day and about
25 days to simulate a year



UCLA 2-Level
GCM Results:

Streamlines of
the computed
wind

Day 245

From Mintz (1965)




Good Understanding of Needed Improvements:

©)

@

©)

©)

Vertical resolution of 50 to 100 mb (finer in boundary
layer)

Horizontal resolution of 0.5 to 1 degree (for frontal
zones)

Carry water vapor as a dependent variable (improve
ITCZ and Hadley cells)

Improve treatment of radiation
Include parameterized moist convection
Raise upper boundary to include statosphere

Include atmosphere/ocean coupling



Comment (Warning) about Terminology:

WMO Technical Note by Yale Mintz (1965):

* Very long-term global integration of the primitive
equations of atmospheric motion.

e ~300 day simulations using the UCLA 2-level GCM

Follow-up work by W. E. Langlois (1971):

e Digital simulation of the general atmospheric
circulation using a very dense grid.

 |ncreased horizontal resolutionto A\ = 2.5°
and A¢ = 2° (12816 grid points)
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Jun. 25, 2013
06:00 UTC

GOES West
Water Vapor
(6.7 um)

= Subsidence

N3 7 Very Dry



Traditional Deep Overturning Circulation

Recently Discovered

Shallow Meridional Circulation
2 -4 km

1 km

surface

Equator




Analytical Modeling of the ITCZ
and the Hadley Circulation

Utilize the Zonally Symmetric Balanced Model
and the Eliassen Meridional Circulation Equation

* On the sphere and on the B-plane

Two variable coefficients:
* |nertial stability
e Static stability

Two forcings:
* Diabatic heating (in the interior)
 Boundary layer frictional pumping (lower BC)
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P — 0 as y —

A

Y =0 at z = zp




Analytical Solution Method #1

Assume that the diabatic forcing Q(y, 2,t) and
boundary layer forcing W(y,t) vary slowly in time

Then can neglect the 8%/0t? terms

The problem becomes an elliptic diaghostic problem
that does not include gravity waves

The solution ¥ (y, z,t) has no memory of past forcing
and is diagnostically determined by the current forcing
only

Solution steps:

1. Perform vertical transform of the diagnostic problem

2. Use Green’s functions to solve the resulting horizontal
structure equations



Y =0 at z = zp

2 2 a’tl’
By<az




"»E(yazat) — Z "ﬁm(yat) Zm(z)

m=0

Vi (ys t) = ; /ozT V(Y, 2,t) Zm (2) N?(2)dz + ¥(y, 0, t) Z,,(0)

d*Z,, Zom
dz? 4H?
Zm =0 at z = zp

——— = ———at z=0










2P (y,t)  y? . _ OF,(y,t)
— s Ym(Yt) = ——(—————
oy 4b% oy

'c,va(y,t) — 0 as y = +oo

*T Q(y, 2,t)

o To Zm(2) dz + W(y,t) 2, (0)




Method #1: Solution via Green’s Functions

The meridional structure equations are solved using the
Green’s functions G,,(y,y’) which are solutions of:

d’G,, y? . :—ié (y—y'>

dy?  4b: b2

The Green’s functions are constructed from parabolic
cylinder functions D, (x) which satisfy:
d’D, ( 1 1

2
— — — D,=0
1/—|—2 4w>

dx?

In particular, D_; /»(y/bm) and D_; /2(—y/bm)
are used to construct the desired Green’s functions






D_1/2(y /bm)D_1/2(—y/by) if —co<y <y
D_1/2(=Y"/bm)D_1/2(y/bm) ify <y < oo




Method #1: Summary of Solution Method

The solution of the meridional circulation problem is a
superposition of vertical modes:

Y(y,z,t) = e /2N " o (y,t) Zpn(2)
m=0

Each coefficient &m (y, t) is a superposition of Green’s
functions weighted by the forcing:

° 9F (y'.t o
wm(y,t)——bm/ (y ) G (y,y") dy

Two idealized ITCZ forcings that lead to simple analytical
solutions:

1. m = 1 and diabatic heating prescribed as a step function in y
2. m < Mmax and BL pumping prescribed as a step function in y



Method #1: Production of Deep Overturning
(Case #1) Circulations Through Diabatic Forcing

Consider the following ITCZ experiment:
 The diabatic heating is restricted to the ITCZ region

 The diabatic heating is independent of ¥ and has a vertical
dependence that only projects onto the first internal mode

Then: | . Q(t)21(z) if y1 <y < yo
Q(yazat) — .
0 otherwise
and B (o t) — gQ(t) 1 if m=1 and y1 <y < y2
mi¥ ¥ = cpToN? |0 otherwise

The analytical solution becomes:

¢(y9 2 t) — gle(t) e_z/szl(z) [Gl(y7 y2) _ Gl (ya yl)]

CpT0N2




Method #1:

(Case #1)

Streamfunction:

* P(y,2)

* Black contours

* Intervalis
400 m? s~ 1!

Diabatic heating:
* Q(y7z)6_Z/H
Cp
* Red shading
* Intervalis
0.5 K day—1

e Max. value is
3.496 K day !

Streamfunction and Diabatic Heating

12
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Method #1:

Streamfunction and Diabatic Heating

(Case #1)

Streamfunction:

* P(y,2)

* Black contours

* Intervalis
400 m? s~ 1!

Diabatic heating:
* Q(y7z)e_z/H
Cp
* Red shading
* Intervalis
0.5 K day—1

e Max. value is
3.496 K day !

—3000 —2000 —1000 0 1000 2000 3000
y (km)
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Method #1: Temperature Tendency and Vertical Velocity

(Case #1)

Temp. Tendency:
* Black contours
* Interval is

0.2 K day—1

Vertical Velocity:
e Shading:
w >0
w <0
* Interval is
1 mm s !

* Max. value is
18.01 mm s~ 1
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Method #1.: Temperature Tendency and Vertical VeIocnty

(Case #1)

Temp. Tendency:
* Black contours
* Interval is

0.2 K day—1

Vertical Velocity:
e Shading:
w >0
w <0
* Interval is
1 mm s !

* Max. value is
18.01 mm s~ 1

Heating becomes
more efficient and
more localized

as the heating
source moves
poleward
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Method #1:  Partition of Total Mass Flux Between
(Case#1)  the Summer and Winter Hadley Cells

AN R B B ]
80 m=1 e -
B :
60 — Winter Cell N~"“‘-.::-::::::.:::
& < _
40 — < /_:::_—::’_-:--'"“"_':'___':___-_-_—:._.':.-.-.:
! ST T .
o0 | Summer Cell e e T _
B 1 N N L
0 1000 2000 3000 4000
(Y2 + y1)/2 (km)
4 ITCZ Thicknesses: Asymmetry between the summer and winter
3000 km ==e=c=—e— hemisphere Hadley cells depends on:
1500 km ==========="  Location of the ITCZ
500 Km === === -

0 km * Thickness of the ITCZ




Method #1: Production of Shallow Overturning
(Case #2) Circulations Through Ekman Pumping

Consider the following ITCZ experiment:
* No diabatic heating: Q(y, z,t) = 0

 Ekman pumping is restricted to the ITCZ region and is
independent of Yy there

Then. Wave if Y1 < Y < Y2

0 otherwise

W(y,t) = {

WaveZm(O) if Y1 < Yy < Y2
0 otherwise

and | F,,(y, 1) = {

The analytical solution becomes:

M max

Y(y,z,t) = Wavee_z/zH Z b Zm(0) 2 (2) [Gm (Y Y2) — G (Y y1)]

m=0






Method #1:
(Case #2) B

Vertical Velocity | |

Contour interval:

0.5 mm s~ 1
Max. magnitude: Cl
3.774 mm s~ ! % 1
Ekman pumping pene- 0

trates deeper away from e N — wa—
the equator, so shallow '
circulations are more
efficient near the
equator C w <0

T T T T T T T T T T -

Note smaller vertical scale —-3000 —-2000 —1000 0 1000 2000 3000
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P — 0 as y —

A

Y =0 at z = zp
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Analytical Solution Method #2

Retain the 92 /8t? terms

No need to assume that forcing varies slowly in time
Solution now includes gravity waves

Meridional circulation problem remains a prognostic
problem, but no integration in time is required to get
solutions

Solution steps:

1. Perform vertical transform of the meridional circulation
problem (same vertical transform as in Method #1)

2. Perform meridional Hermite tranform of the resulting
horizontal structure equations to obtain a set of second order
ODE’s in time



"»E(yazat) — Z "ﬁm(yat) Zm(z)

m=0

Vi (ys t) = ; /ozT V(Y, 2,t) Zm (2) N?(2)dz + ¥(y, 0, t) Z,,(0)

d*Z,, Zm
dz2  4H?
Zm =0 at z = zp

——— = —— at z =




) y2>zz _ . 9F,
gz ot )T TImTyy

Y — 0 as y — +oo

" 0 and Db 0 at t=0
Y

=T Q(ya z,t)

Fn(y,t) = /

0 cplo

Zmn(z)dz + W(y,t) Z,(0)




Method #2: Meridional Hermite Transform

Seek solutions via the following Hermite transform pair:

&m(yat) = Z &mn(t) M, (y)

A 1 RN
Bon(®) = 5 [ o) K (9) dy

The meridional structure functions are related to
Hermite polynomials by:

The meridiona
eigenproblem:




b,, n' =n

0 n'#n

H(y) Hi(y) dy = {
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Method #2: Solution via Hermite Transform

Meridional Hermite transform of the meridional
structure equations give a set of 2"d order ODE’s in time:

For each vertical
mode m and each
meridional mode n

The inertia-gravity wave 1
: £ y Vimn = =— [ghm (2n + 1)]1/2
frequencies are given by: b,
The forcing terms 1 [ OF,,(
m(Yst) | m
are given by: F, (1) = . /_ 5 H'(y) dy







din Zm if
Q(y,z,t) = T(t) {mz;oQ #) Hm<y<w

0 otherwise

T(t)=1—(1+~t)e

F.,.(@t) =T t)Fmnn




Tt)=1—(1+~t)e
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~ hmj:mn 2 A2\ A2

( 273 Vimn

mn

(V2 + 72)2) S0 (Vmnt)

(Y, z,t) = e 2NN i () HI(Y) Zin(2)

m=0 n=0
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Additional . o
Thoughts: Why is the ITCZ so thin?

Nov. 24, 2010
00:00 UTC

From NASA GSFC
GOES Project
website




Summary & Conclusions

Analytically solved the meridional circulation problem
with two types of forcings:
1. Meridional variation of the interior diabatic heating
2. Ekman pumping at the top of the boundary layer

A vertical transform of the meridional circulation
equation converts the PDE in (y, 2, t) into a system of
PDE’s in (y,t) for the meridional structures of each
vertical mode

The resulting meridional structure equations can then
be solved by using a Green’s function method (a
diagnostic approach) or by using a Hermite transform
method (a full prognostic approach)



Summary & Conclusions (Continued):

Diabatic heating projected only onto the first internal
mode (deep diabatic forcing) leads to deep overturning
circulations in the absence of Ekman pumping

Forcing by Ekman pumping in the absence of diabatic
heating leads to shallow overturning circulations

Both meridional circulations display an asymmetry
between the winter and summer overturning cells due
to the spatially varying inertial stability coefficient

Shallow Hadley circulations tend to occur when Ekman
pumping occurs close to the equator because the
inertial stability is weak so there is little resistance to
horizontal motion



Summary & Conclusions (Continued):

This work has shown that Ekman pumping is a viable

forcing mechanism for the Shallow Hadley Circulation

 However, diabatic heating due to shallow precipitating
convection and surface heating (in analogy with land/sea
breezes, as discussed by Nolan et al. 2007, 2010) are also
viable forcing mechanisms

* Further research is needed to understand the relative
importance of these three forcing mechanisms

The narrowness of the ITCZ is due to the formation of
shock-like structures in the boundary layer. How well
do current GCM's simulate this?

After fluctuations in the strength of the ITCZ, theory
predicts that the tropical troposphere will ring with
"trapped inertia-gravity wave activity." Do observations
or GCM's show this effect?
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Thank you for starting the “Magnificent Second
Phase of Climate Modeling” in 1960!
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Partition of Total Mass Flux Between the Summer
and Winter Hemisphere Hadley Cells for the Deep
Heating Case

** Fractional mass flux of summer hemisphere cell:

1
Y (y1+ i(?;)livzv(z)l_ 2, 1) - \/§D,—1/2(—?Jl/bl)D_Ug(yl/bl)

4

L)

»* Fractional mass flux of winter hemisphere cell:

B o 7t 1 /
(Y1 fig)ﬂ— ;bz(yl)— 1) _ED—W(f‘/l/bl)D—l/z(—y1/b1)l

&

*  The maximum asymmetry between the two cells occurs when
the ITCZ is located 1200-1300 km off the equator, in which case

the winter cell carries approx. twice the mass flux of the

L)

L)

summer cell
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