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ERBE Top-of-Atmosphere SWINC 
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Energy has to be carried poleward.
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Hadley Cell

The tropical Hadley Cell carries energy upward and poleward.
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Midlatitude “eddies” also carry 
energy upward and poleward.



Energy fluxes by kind

The moist static energy is not the sum of the internal, potential, and latent energies, but  
the advective flux of moist static energy  

is equal to the sum of the fluxes of the internal, potential, and latent energies  
due to advection and pressure-work.

Lqv

s ≡ cpT + gz

h ≡ s + Lqv

Latent energy

Dry static energy

Moist static energy

+

=



ERA-Interim is a global atmospheric reanalysis 
that starts in 1979.

ERA-I includes both isobaric and isentropic analyses. 

The vertically integrated energy fluxes should be the 
same in the two analyses.



Vertically Integrated Energy Fluxes 
from ERA-I
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We are going to be discussing “eddy fluxes.”



Eddies are departures from 
the zonal mean.

The eddy fields shown here, 
as examples, are the January-
mean meridional wind and 
temperature at 850 hPa.
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Eddy fluxes

v = v
λ
+ v* and T = T

λ
+T *

vT
λ
= v

λ
+ v*( ) T λ

+T *( )λ

= v
λ
T

λ
+ v

λ
T * + v*T

λ
+ v*T *

λ

= v
λ
T

λ
+ v*T * λ

We can break any field into its zonal mean and “eddy” parts.

When we multiply two fields together and take the zonal average of the 
product, we get two contributions: 

one from the product of the zonal means, and 

the other from the product of the eddies:

eddy flux



Flux decomposition

In pressure coordinates, the DSE flux looks like this:The meridional flux of DSE along isobaric surfaces is given by

vs
λ
= v

λ
s
λ
+ v*s*

λ

The meridional flux of DSE along isentropic surfaces can be written as ρθvs , where 

ρθ ≡ ρ
∂z
∂θ

≅ −
1
g
∂p
∂θ

(5)

is the pseudo-density and v  is the meridional component of the horizontal wind vector. The flux 
can be expanded to show four contributions, as follows:

ρθvs = ρθv
λ
+ ρθv( )*⎡

⎣
⎤
⎦ s

λ
+ s*( )

= ρθv
λ
s
λ
+ ρθv

λ
s* + ρθv( )* s

λ
+ ρθv( )* s* .

(6)

Here the ( )
λ

 notation is used to denote a zonal average along an isentropic surface, and ( )*  

denotes a departure from that zonal average. The quantity  ρθv  is the meridional flux of mass 

along the isentropic surface. Zonal averaging of (6) causes two of the four terms to drop out:

ρθvs
λ
= ρθv

λ
s
λ
+ ρθv( )* s*

λ

.

(7)

A further expansion of (7) can be based on separating the zonally averaged meridional mass flux 
into two parts as follows:

ρθv
λ
= ρθ

λ
v
λ
+ ρθ

*v*
λ

.
(8)

The first term on the right-hand side of (8) can be called the “mean mass flux.” The second term 
is the “bolus mass flux,” which arises from co-variations, around latitude circles, of the pseudo-
density and the meridional wind. 

The tropical mean mass flux is strong at some levels, due to the Hadley circulation, but the 
bolus mass flux is small because tropical isentropic surfaces approximately coincide with 
tropical isobaric surfaces, so that ρθ

*  small. In middle and high latitudes, geostrophic balance 

ensures that v
λ
≅ 0 , so that the mean mass flux is small, but the stronger horizontal temperature 
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gradients, especially during winter, allow relatively large values of ρθ
* , and so the bolus mass 

flux becomes important. 

Substituting (8) into (7), we find that  the meridional flux of dry  static energy  can be written 
as

ρθvs
λ
= ρθ

λ
v
λ
+ ρθ

*v*
λ( )sλ + ρθv( )* s*

λ

.

(9)

This shows that the zonally averaged dry static energy, s
λ

, is advected by both the mean mass 
flux and the bolus mass flux (Gent and McWilliams, 1990). We adopt the following shorthand 
terminology:

ρθvs
λ

 is the total flux of DSE,

ρθ
λ
v
λ
s
λ

 is the mean flux of DSE,

ρθ
*v*

λ( )sλ  is the bolus flux of DSE, and

ρθv( )* s*
λ

 is the eddy flux of DSE.

The bolus flux of DSE does involve eddies, because it is proportional to the bolus mass flux, 

ρθ
*v*

λ
, but it does not involve s* , the eddy part of the DSE.

In a similar way, we can write the zonally  averaged meridional fluxes of water vapor and 
moist static energy as 

ρθvqv
λ
= ρθ

λ
v
λ
+ ρθ

*v*
λ( )qv λ + ρθv( )* qv*

λ

,

(10)

and

ρθvh
λ
= ρθ

λ
v
λ
+ ρθ

*v*
λ( )hλ + ρθv( )* h*

λ

.

(11)
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Substitution gives

In theta coordinates the flux involves the product of three things,  
so it’s more complicated:

The meridional flux of DSE along isobaric surfaces is given by
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λ
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λ
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The meridional flux of DSE along isentropic surfaces can be written as ρθvs , where 

ρθ ≡ ρ
∂z
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≅ −
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(5)

is the pseudo-density and v  is the meridional component of the horizontal wind vector. The flux 
can be expanded to show four contributions, as follows:

ρθvs = ρθv
λ
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⎣
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λ
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λ
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(6)

Here the ( )
λ

 notation is used to denote a zonal average along an isentropic surface, and ( )*  

denotes a departure from that zonal average. The quantity  ρθv  is the meridional flux of mass 

along the isentropic surface. Zonal averaging of (6) causes two of the four terms to drop out:

ρθvs
λ
= ρθv

λ
s
λ
+ ρθv( )* s*

λ

.

(7)

A further expansion of (7) can be based on separating the zonally averaged meridional mass flux 
into two parts as follows:

ρθv
λ
= ρθ

λ
v
λ
+ ρθ

*v*
λ

.
(8)

The first term on the right-hand side of (8) can be called the “mean mass flux.” The second term 
is the “bolus mass flux,” which arises from co-variations, around latitude circles, of the pseudo-
density and the meridional wind. 

The tropical mean mass flux is strong at some levels, due to the Hadley circulation, but the 
bolus mass flux is small because tropical isentropic surfaces approximately coincide with 
tropical isobaric surfaces, so that ρθ

*  small. In middle and high latitudes, geostrophic balance 

ensures that v
λ
≅ 0 , so that the mean mass flux is small, but the stronger horizontal temperature 
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where

. Bolus mass flux



Terminology

gradients, especially during winter, allow relatively large values of ρθ
* , and so the bolus mass 

flux becomes important. 

Substituting (8) into (7), we find that  the meridional flux of dry  static energy  can be written 
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This shows that the zonally averaged dry static energy, s
λ

, is advected by both the mean mass 
flux and the bolus mass flux (Gent and McWilliams, 1990). We adopt the following shorthand 
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Annual-mean isentropic mass fluxes

1010 kg s-1 K-1

Total mass flux

Mean mass flux

Bolus mass flux

=
+

Following Townsend 
and Johnson (1985)



First let’s look at the vertically integrated 
total fluxes again.



Total Energy Fluxes from ERA-I
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Now the just eddy fluxes.

Note: 
The vertically integrated eddy fluxes are not 
required or even expected to agree between 
the two vertical coordinate systems.



Eddy energy fluxes from ERA-I
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Eddy energy fluxes from ERA-I
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How come?



There are two reasons why the isentropic 
eddy meridional flux of DSE is much 
smaller than the isobaric eddy flux of DSE.
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The isentropic eddy flux of DSE is smaller 
than the isobaric eddy flux partly because 
the DSE changes less on isentropic 
surfaces than on isobaric surfaces.

Why is that true?



Cousins

 are similar.θs  and

Both are conserved under dry adiabatic processes.

Both increase upward in a dry statically stable atmosphere.

They are not the same though.  In particular, 

HPGF = −∇θs



How s varies
In middle latitudes, 

understood as follows. Let sθ
*  be the amplitude of zonal DSE variations along isentropic 

surfaces. For middle latitudes, we can write

 

sθ
*

L
∼

1
acosϕ

∂s
∂λ

⎛
⎝⎜

⎞
⎠⎟
θ

≅ fv ,

(12)

where L  is zonal length scale on the order of 1000 km = 106 m, a  is the radius of the Earth, ϕ  

is latitude, λ  is longitude, f ≅ 10−4  s-1 is the Coriolis parameter, and v  is the meridional 

component of the wind which we assume to be on the order of 10 m s-1. Eq. (12) gives  sθ
* ∼103  

J kg-1. 

Let sp
*  be the amplitude of zonal DSE variations along isobaric surfaces. The DSE can be 

written as 

s =Πθ +φ
(13)

where Π ≡ cp
p
p0

⎛

⎝⎜
⎞

⎠⎟

κ

 is the Exner function, cp ≅ 1000  J kg-1 K-1 is the specific heat of air at 

constant pressure, and φ  is the geopotential. Through most of the troposphere, 
 

p
p0
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κ

∼1  so that 

 Π ∼ cp ≅ 1000  J kg-1 K-1. We can write
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+ fv .

(14)

where 
 
θ p
* ∼ 5  K is the amplitude of potential temperature variations along isentropic surfaces. 

Eq. (14) gives 
 
sp
* ∼ 5 ×103J kg-1, so we conclude that sp

*  is several times larger than sθ
* .

The second part of the explanation is that the DSE tends to be in quadrature with the 
meridional wind along isentropic surfaces in middle latitudes. Eq. (4) shows that the geostrophic 
part of the eddy meridional wind satisfies
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Second reason…
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The isentropic eddy flux of DSE is smaller 
than the isobaric eddy flux partly because 
the DSE is poorly correlated with the 
eddy meridional mass flux on isentropic 
surfaces.

Why is that true?
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(15)

so that

v*s* ≅ 1
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Eq. (16) implies that 

v*s*
λ
≅ 0 . 

(17)

Now recall that the eddy flux of DSE along isentropic surfaces is given by ρθv( )* s*
λ

. We can 

expand the bolus mass flux as

ρθv( )* = ρθv − ρθv
λ

= ρθ
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Using this result,  it can be shown that

,

.



Conclusions

The eddy meridional flux of DSE along isentropic 
surfaces is small compared to the meridional flux of 
latent energy.

As a result, the eddy part of the poleward energy 
flux along isentropic surfaces is almost entirely an 
eddy flux of latent energy.

Two contributing explanations, about equally 
important:

Small variations of the DSE along isentropic 
surfaces;

Weak correlations between the geostrophic 
meridional wind and the DSE, when averaged 
along isentropic surfaces.



So what?
gradients, especially during winter, allow relatively large values of ρθ

* , and so the bolus mass 

flux becomes important. 

Substituting (8) into (7), we find that  the meridional flux of dry  static energy  can be written 
as

ρθvs
λ
= ρθ

λ
v
λ
+ ρθ

*v*
λ( )sλ + ρθv( )* s*

λ

.

(9)

This shows that the zonally averaged dry static energy, s
λ

, is advected by both the mean mass 
flux and the bolus mass flux (Gent and McWilliams, 1990). We adopt the following shorthand 
terminology:

ρθvs
λ

 is the total flux of DSE,

ρθ
λ
v
λ
s
λ

 is the mean flux of DSE,

ρθ
*v*

λ( )sλ  is the bolus flux of DSE, and

ρθv( )* s*
λ

 is the eddy flux of DSE.

The bolus flux of DSE does involve eddies, because it is proportional to the bolus mass flux, 

ρθ
*v*

λ
, but it does not involve s* , the eddy part of the DSE.

In a similar way, we can write the zonally  averaged meridional fluxes of water vapor and 
moist static energy as 

ρθvqv
λ
= ρθ

λ
v
λ
+ ρθ

*v*
λ( )qv λ + ρθv( )* qv*

λ

,

(10)

and

ρθvh
λ
= ρθ

λ
v
λ
+ ρθ

*v*
λ( )hλ + ρθv( )* h*

λ

.

(11)
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It should be possible to build an idealized model of the zonally 
averaged global circulation in which the eddy flux of DSE is neglected.


