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Virtual Temperature

David Randall

Definition
For dry air, the equation of state is

Py = PR,T.

Similarly, water vapor obeys its own equation of state with its own gas constant:

e=pR,T.

The total pressure is

p=p,te.

We see that
p = (ded + pvRv)T b
(4)

P=Ps+0,+0;
(5)

We define the virtual temperature as satisfying the ideal gas law with the total pressure
and the total density, and the gas constant for dry air:

deTv Ep‘

Substituting on both sides of (6), we obtain
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(pd +P,+0 )RdTv = (ded + pvRv)T

=(pd+%)RdT,

where

This leads to

Pat
PatP,+P

I+

1+qg+1 ’

which can be approximated by

where

™

(11)

When the weight of condensed water is included in the virtual temperature, the name
“density temperature” is sometimes used instead.

Buoyancy fluctuations on isobaric surfaces

The following discussion is based on ideas presented by Lilly (1968).
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The virtual dry static energy is

s,=c¢,T, +gz.

We use the moist static energy

h=c,T+gz+Lq,
(13)

which is approximately conserved under both moist and dry adiabatic processes, even when
precipitation is occurring. The total water mixing ratio, g + [ , is also approximately conserved

under both moist and dry adiabatic processes, although it is of course affected by precipitation.

Consider fluctuations at constant pressure, denoted by primes. We can write
h'=cT +Lq .
(14)

Here we neglect height fluctuations on the constant pressure surface. From (10) and (12), we see
that

s; = cpTL
=c,T'+ CPT(éq’ —l’)
=c,T'+&(0Lg' - LI'),

where

™
I
_wﬁ
el
[}
o
i

This can be manipulated as follows:

s, = (cpT’ + Lq’) —(1-0¢)Lq' - €Ll
=h'=(1-8¢)L(q +1')+[1-(1+8¢)|LI'.
(17)

Buoyancy fluxes across pressure surfaces

Following Lilly (1968), we can construct an expression for the virtual dry static energy

flux, F,, , by multiplying (17) by pw’ and then averaging. (We neglect the fluctuations of p .)

sV

The result is
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F,=F,-(1-0¢)LF,, +[1-(1+3¢)]LF|.

sV

Eq. (18) is valid regardless of the cloud amount. It was used by Randall (1987).

Still following Lilly (1968), we consider two cases. First, if there is no cloud, then
LF, =0, and (18) reduces to

F, =(F‘sv)clr = F;z _(1_68)LF

Y g+l

for clear air.

If there is a uniform cloud, so that the air is saturated everywhere, we can write

ye,T'=Lq',
(20)
where
L)
- c, oT »
(21)
From (20), we get
yh' =(1+y)Lq’,
(22)
or
Lg' = ( " Y ) h'.
+Y
(23)
It follows that
L =L(q’+l’)—(1j:y)h’,
(24)
or
[ 7 )
LF, =LF[]+I_L1+)’JF}'
(25)
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Substituting (25) into (18), we find that for the fully cloudy case

- w1 | » for uniformly cloudy air.
I+y

F =(Fw)czd = [M]EL_ELF

QuickStudies for Graduate Students in Atmospheric Science
Copyright 2016 David A. Randall



Revised October 5, 2016 8:20 AM 6

References and Bibliography

Chen, J.-M., 1991: Turbulence-scale condensation parameterization. J. Atmos. Sci., 48,
1510-1512.

Emanuel, K. A., 1994: Atmospheric convection. Oxford University Press, 580 pp.

Lilly, D. K., 1968: Models of cloud-topped mixed layers under a strong inversion. Quart. J. Roy.
Meteor. Soc.,94,292-309.

Randall, D. A., 1980: Conditional Instability of the First Kind Upside-Down. J. Atmos. Sci., 37,
125 - 130.

Randall, D. A., 1987: On the turbulent fluxes of liquid water and buoyancy in partly cloudy
layers. J. Atmos. Sci., 44, 850-858.

Sommeria, G., and J. W. Deardorff, 1977: Subgrid-scale condensation in models of
non-precipitating clouds. J. Atmos. Sci., 34, 344-355.

Mellor, G. L., 1977: The Gaussian cloud model relations. J. Atmos. Sci., 34, 356-358.

QuickStudies for Graduate Students in Atmospheric Science
Copyright 2016 David A. Randall



